We will discuss the basic concept, operational principle and physical implementation of coherent Ising machines based on degenerate optical parametric oscillators. The developed coherent Ising machine with 2048 spins with all-to-all connections demonstrated already competitive performance against the state of art modern digital computers. Key words: Ising machine, optical parametric oscillator, combinatorial optimization, dissipative quantum computation
INTRODUCTION
Combinatorial and continuous optimization problems are ubiquitous in our modern life. Classic examples include lead optimization in drug discovery and biocatalyst development, resource optimization in wireless communications, routing in power and transport network, scheduling, sparse coding in compressed sensing, Boltzmann sampling and deep learning in machine learning and portfolio optimization in fintech. Most of these optimization problems belong to Non-deterministic Polynomial (NP), NP-complete and NP-hard classes in complexity theory and modern digital computers based on von-Neuman architecture are not necessarily efficient for them. That is, the computational time scales exponentially when a problem size increases.
A gate-based or measurement-based quantum computer does not provide a valid solution for such combinatorial optimization problems, either. It is known that the optimum approach within a framework of quantum computing for such problems without hidden periodicity nor specific structure is given by Grover algorithm [1] . Table I shows the computation time by an ideal quantum computer based on Grover algorithm for NP-hard MAX-CUT problems with varying problem size N = 20 ~ 150. Here we assume a hypothetical quantum computer does not have any gate error nor decoherence, so that there is no need to employ resourcehungry quantum error correction. It is also assumed that all qubits are fully connected, so that there is no need to transfer qubit information over distant locations by resource-hungry swapping processes. Yet the computation time increases exponentially from Tc = 4 × 10 -3 (s) for N = 20 (bits) to Tc = 6 × 10 17 (s) or 20 billion years for N = 150 (bits). It is bad news that Grover algorithm is proven to be optimum for unstructured data search, so that there is no possibility to discover a more efficient algorithm unless the universality is given up.
If we go for a heuristic, which does not guarantee an exact solution for a really hard problem instance, there remains various possibilities to improve the computation time. One example along this line of quantum heuristic machines is the quantum approximate optimization algorithm (QAOA) which is implemented on the hybrid gate-based quantum computer and modern digital computer [2, 3] . Another example for quantum heuristic machines is the Josephson qubit-based quantum annealing machine [4] . The computation time for those two machines are also shown in Table I , which are not competitive against the modern heuristic such as simulated annealing (SA) or breakout local search (BLS) implemented on CPU or GPU.
As shown in Fig. 1 , we have proposed and implemented four quantum heuristic machines called, coherent Ising machine (CIM) [5] [6] [7] [8] [9] [10] [11] , coherent SAT solver (CSS) [12] , coherent XY machine (CXM) [13, 14] and coherent crypto machine (CCM), to solve the NP-hard Ising problems, NP-complete k-SAT problems, continuous optimization problems and to perform secure (or private) computation of those problems, respectively. We use the optical parametric oscillators operating at the quantum limit to implement those four machines in quantum neural network. Table I . Time-to-solution for NP-hard MAX-CUT problems by various quantum machines. 
QUANTUM COMPUTATION MODELS
There are three quantum computational models proposed today: unitary quantum computation [15, 16] , adiabatic quantum computation [17, 18] and dissipative quantum computation [19, 20] . Table II compares the two quantum computational models. A gate-model or measurement-based quantum computer implements the unitary quantum computational model and is expected to solve efficiently those problems with hidden periodicity or specific structure, while a coherent Ising machine (CIM), coherent XY machine (CXM) and coherent SAT solver (CSS) implement the dissipative quantum computational model and is expected to feature a better performance for the unstructured optimization problems. The unitary quantum computation requires an enormous overhead for quantum error correction, but its theoretical limit is well established. The dissipative quantum computation is still far from complete understanding since it is based on the complicated physics of quantum Darwinism and quantum chaos, but it is attractively robust against noise and errors. Table II . Two quantum computational models. Table III compares the two types of CIMs, optical delay line coupling machine (DL-CIM) [7] [8] [9] and measurement feedback coupling machine (MF-CIM) [10, 11] . Figure 2 shows the physical implementation of the two types of CIMs. In DL-CIM, all-to-all connections among N spins can be realized by N -1 optical delay lines with dynamic modulation of coupling constants. In MF-CIM, the same function can be achieved with a single measurement-feedback loop so that physical implementation of MF-CIM is more straightforward than DL-CIM. The DL-CIM is inherently an all-optical system and enjoys a high-speed operation. This machine can implement both classical and quantum Hamiltonians. Quantum parallel search mechanism of DL-CIM is quantum entanglement (correlation) among OPO pulses [21, 22] and naturally fitted to find a many body ground state with quantum entanglement. The MF-CIM is an optical-electrical hybrid system and can implement a higher order Ising coupling such as three-body, four-body ····· interactions [23] . Quantum parallel search mechanism of MF-CIM is quantum walk enhanced by non-Gaussian OPO pulses [24, 25] and naturally fitted to combinatorial optimization formulated by classical Hamiltonian. Table III . Optical delay line coupling machine (DL-CIM) vs. Measurement-feedback coupling machine (MF-CIM). Fig. 2. (a) A coherent Ising machine (CIM) based on the time-division multiplexed DOPO pulses with mutual coupling implemented by optical delay lines. A part of each pulse is picked off from the main cavity by the output coupler followed by an optical phase sensitive amplifier (PSA) which amplifies the in-phase amplitude of the extracted DOPO pulse. The feedback pulses, which are produced by combining the outputs from N -1 intensity and phase modulators, are injected back to the target DOPO pulse by the injection coupler [7] [8] [9] . (b) A CIM with a measurement-feedback circuit. A small portion of each DOPO signal pulse is out-coupled through the output coupler, and its in-phase amplitude is measured by optical balanced homodyne detectors, where LO pulse is directly obtained from the pulsed pump laser. Two detector outputs are converted to digital signals and input into an electronic digital circuit, where a feedback signal for the i-th DOPO signal pulse is computed. The feedback pulse also taken from the pump laser is modulated in its intensity and phase to achieve the target feedback amplitude and coupled into the i-th signal pulse by an injection coupler. Flows of optical fields and electrical signals are shown as solid and dashed lines, respectively [10, 11] . Table III summarizes the benchmark study results of the CIM vs. universal quantum computers, quantum approximate optimization algorithm (QAOA) machines and quantum annealing machines against NP-hard MAX-CUT problems [26] . The time-to-solution for the complete graph MAX-CUT problems, which are identical to the Sherrington-Kirkpatrick spin glass model with N = 20, 50, 100 and 150 spins, are listed for various approaches. The time-to-solution for a universal quantum computer based on Grover algorithm is a theoretical value, where an ideal quantum processor with no decoherence, no gate error and all-to-all direct coupling among qubits is assumed, so that any overhead for quantum error correction is not included. Therefore, it is considered as an absolute theoretical limit on the computation time. Yet, the computation time is 4 × 10 -3 (s), 600 (s), 2 × 10 10 (s) and 6 × 10 17 (s) for N = 20, 50, 100 and 150. This is an exponential scaling and traced back to the exponential time required to implement Grover algorithm which is proven to be optimum in the framework of unitary quantum computation. There are the experimental time-to-solution for three heuristic machines in Table I : Rigetti quantum approximate optimization algorithm (QAOA) machine [2, 3] , D-WAVE quantum annealing machine and NTT-CIM [26] . (It is noted that CIM features a far better performance than other quantum processors even when the problem size is relatively small.) Figure 3 compares the time-to-approximate solution by CIM and modern supercomputer [27] . The problem is the Sherrington-Kirkpatrick spin glass model with N = 2000 spins. It is not possible to obtain an exact solution with any existing computer and algorithm for this size of NP-hard problems, so that we use the approximate solution by Goemans-Williamson Semi-Definite Programing (SDP) [28] as a target. The GW-SDP guarantees an accuracy better than 87.8% in the worst case. The NTT-CIM reaches this approximate solution in ~70 μsec, while the supercomputer (Shoubu) at Riken, Japan, returns the same solution in ~7 msec. We use the Hopfield-Tank neural network model as an algorithm for the supercomputer, since this model is a closest classical analog for CIM. Finally, Fig. 4 compares the error rates of CIM and best-known heuristic (Breakout Local Search: BLS) [29] for N = 100, 200 and 500 NP-hard MAX-CUT problems [12] . The CIM can achieve orders of magnitude smaller error rates than the state of art heuristic method. The computation time for CIM in Fig. 4 is a simulation time by standard desktop computers and real computation time in physical CIM is a factor 100~1000 smaller than the values shown in Fig. 4 . Fig. 4 . The error rate in finding an exact solution vs. computation time for CIM and BLS [12] . The time for CIM is a simulation time by desktop computers and the real computation time of CIM is a factor 100~1000 smaller than those values.
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